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Abstract. Ensemble-based Directed Acyclic Graph (DAG) structure
learning, via Bayesian posterior sampling or resampling/bootstrapping,
often produces multiple candidate DAGs annotated with graph weights
and edge reliabilities. We propose a principled method to aggregate
such an ensemble into a single consensus DAG, with an explicit trade-
off between agreement with the ensemble and sparsity. Our confidence-
weighted objective reduces, up to an additive constant, to maximising
a linear edge-score under an acyclicity constraint, yielding a maximum-
weight acyclic subgraph formulation. We solve this using (i) an Integer
Linear Programming (ILP) approach that provides optimality certifi-
cates when solved to completion and (ii) a scalable greedy algorithm.
A synthetic study over increasing graph sizes demonstrates the accu-
racy—efficiency trade-off between exact optimisation and the greedy heuris-
tic.

Keywords: Directed Acyclic Graphs - Consensus Graphs - Bayesian
networks - Maximum-weight acyclic subgraph - Graph aggregation

1 Introduction

1.1 Motivation

Many contemporary methods for probabilistic and causal structure learning out-
put not a single Directed Acyclic Graph (DAG) [1-3], but an ensemble of can-
didate DAGs—for example from Bayesian posterior sampling, bootstrap resam-
pling, or repeated stochastic [4,5] runs of a learning algorithm. These ensembles
can be used to represent structural uncertainty and often come with additional



38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81
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metadata such as graph-level weights (reflecting model quality or posterior mass)
and edge-level confidence scores (reflecting support for individual relations).

Despite their potential usefulness, ensembles can be awkward to interpret,
communicate to domain experts, and integrate into downstream pipelines that
typically expect a single graph. As a consequence, practitioners often collapse an
ensemble into a “consensus” DAG using ad hoc rules such as thresholding edge
frequencies, taking unions or intersections of edges [6,7], or manually editing an
aggregated graph. Such procedures are local in the sense that they are edge-wise,
as they decide on each arc independently using marginal support statistics. They
typically ignore heterogeneity in graph weights and edge confidences. Moreover,
they do not provide a principled mechanism to trade off sparsity (a compact,
interpretable graph) against fidelity (agreement with, or low loss relative to,
the ensemble). In addition, purely edgewise aggregation can violate acyclicity,
requiring a post hoc repair step that is not aligned with any explicit optimality
criterion.

These limitations motivate a global optimisation view of consensus DAG
construction. Given weighted, confidence-annotated input DAGs, we seek a single
acyclic graph that minimises an explicit information-loss functional relative to
the ensemble while allowing control over graph size. This formulation makes the
meaning of “minimal information loss” precise in our setting (with respect to the
defined loss, ensures the output is a valid DAG by construction, and yields both
provably optimal (ILP, when solved to optimality) and scalable algorithms for
consensus structure selection.

1.2 Related Work

Ensemble-based DAG learning arises naturally in Bayesian posterior sampling,
bootstrap aggregation, and stability selection, where practitioners obtain collec-
tions of candidate DAGs together with edge reliabilities or frequencies. A com-
mon operational way to summarise such ensembles is to compute edge strengths
(e.g., posterior probabilities or bootstrap frequencies) and then threshold them
to form an aggregated network, sometimes followed by ad hoc post-processing
to remove cycles. This is supported by widely used toolkits such as bnlearn [§].
While simple and interpretable, thresholding is inherently local and does not
optimise a global objective over acyclic graphs.

A more formal notion of a consensus Bayesian network structure is studied
via conditional-independence maps. In this view, a consensus DAG is required
to be an independence map i.e., a DAG whose d-separation statements are all
valid independences in the target model, of each input network, while minimising
model complexity (e.g., number of parameters). Deciding whether a given DAG
is a consensus structure is NP-hard, motivating heuristics based on variable
orderings and minimal independence maps [9]. This approach provides rigorous
combinatorial foundations, but it does not directly incorporate arbitrary graph
weights, edge confidence scores, or an explicit information-loss functional.

Closest in spirit to our optimisation view are approaches that reduce con-
sensus structure selection to a Mazimum Weight Acyclic Subdigraph (MWAS)
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problem. For instance, [10] derive directed edge weights from ensemble edge fre-
quencies via a Beta-mixture model and then computes a score-optimal consensus
BN by solving MWAS with an integer-programming approach. More recent work
on structural fusion likewise combines edge-level evidence into a global score and
then performs structure-level optimisation to output a single fused DAG [11,12].
These methods highlight the value of global acyclicity-constrained optimisation.
Still, they are typically tailored to frequency-derived scores or specific fusion
pipelines, and sparsity is controlled indirectly rather than through an explicit
penalty.

Finally, we note that the formulation proposed in the current work connects
to the broader literature on exact and approximate optimisation for DAG struc-
ture learning. Learning an optimal BN structure is NP-complete under standard
scores [13], and exact solvers often rely on integer programming with explicit
acyclicity constraints or order-based encodings [14]. In parallel, continuous re-
laxations such as NOTEARS provide differentiable characterisations of acyclic-
ity, enabling gradient-based optimisation over weighted adjacency matrices [15].
From a graph-theoretic perspective, MWAS is NP-hard [16]; moreover, unless
P = NP, no polynomial-time algorithm can guarantee an approximation factor
strictly larger than 1/2 in general (i.e., always achieving more than half of the
optimal total weight) [17], motivating fast heuristics when exact optimisation is
computationally expensive.

In contrast to the above, we propose a general consensus-DAG framework
that (i) accepts arbitrary graph weights, (ii) incorporates edge confidences (and
optionally node confidences), and (iii) defines an explicit confidence-weighted
information-loss objective with a tunable sparsity penalty. This objective re-
duces to a linear edge-score maximisation under an acyclicity constraint, en-
abling both an exact Integer Linear Programming (ILP) solver and a scalable
greedy heuristic.

1.3 Contributions
This work makes the following contributions.

— Confidence-weighted objective for consensus DAG fusion. We pro-
pose an aggregation objective for distilling an ensemble of DAGs into a single
consensus DAG, where each input graph carries a weight and present edges
may be annotated with confidence scores (and optional node reliabilities).
The objective penalises weighted Hamming disagreements and includes an
explicit sparsity term, under an acyclicity constraint.

— Equivalence to maximum-weight acyclic subgraph (MWAS). We
show that minimising the proposed loss is equivalent (up to an additive
constant) to maximising a linear edge-score subject to acyclicity. The re-
sulting edge scores provide a principled way to combine graph weights and
confidence-weighted evidence for/against each directed edge.

— Two optimisation algorithms with complementary guarantees. We
give (i) an ILP formulation based on topological-order variables that can
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certify global optimality when solved to completion (and returns the best
feasible solution under a time limit), and (ii) a scalable greedy heuristic that
adds edges in decreasing score order while maintaining acyclicity.

— Synthetic benchmarking protocol for the optimality-efficiency trade-
off. We design a controlled synthetic generator that produces weighted,
confidence-annotated DAG ensembles with tunable conflicts, and we evaluate
both solvers across graph sizes (50 repetitions per size), reporting runtime,
objective value, and agreement statistics.

2 Problem Setup

Let V = {1,...,d} be a fixed set of vertices. We are given an ensemble of M
directed acyclic graphs (DAGs)

G = {G(m)}%le, am — (V,g(m))’

represented by adjacency matrices A(™) € {0,1}9%¢ where AZ(-;n) =1iff (: —
§) € €™ and AZ(.;n) = 0. Each graph G("™ also comes with a nonnegative
graph weight w,, satisfying 2%21 wy, = 1. Each input graph may additionally
be annotated with (i) a graph-level weight w,, and (ii) edge-level confidences
cz(;n) for present edges. These quantities are treated as inputs to the aggregation
problem and can be produced by any upstream structure-learning pipeline (e.g.,
posterior sampling or bootstrap resampling). If weights are unavailable, we set
wy, = 1/M; if edge confidences are unavailable, we set an) =1 for all present
edges.

Our goal is to construct a single consensus DAG G = (V, ) with adjacency
matrix A € {0,1}%%? such that A is acyclic and summarises the ensemble with
minimal loss.

For each ensemble member m and each ordered pair (i,7) with ¢ # j, we
(m)
ij

of the directed relation (i — j) when it is present in G(™) (e.g., posterior edge
probability, bootstrap selection frequency, or an internal score mapped to [0, 1]).

are given an edge confidence c € [0, 1] which is interpreted as the reliability

When AZ(;”) = 0 (the edge is absent), no confidence value is required. Absence is
handled separately via an asymmetry parameter introduced below.

Optionally, each graph m may also provide node reliabilities v(™) € [0,1]4,
where vfm) captures confidence in variable/node i (e.g., measurement quality,
missingness, or node-level stability), allowing disagreements involving unreliable
variables to be down-weighted. When available, we fold node reliabilities into a

pairwise factor
gg,”) = combine (vgm),v](-TYL)) € [0,1], (1)

where combine can be, e.g., geometric mean (vab), minimum (min{a,b}), or
iy

product (ab). If node reliabilities are unavailable, we set g
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Consensus DAGs with Minimal Information Loss 5

Mismatch weights and absence-evidence parameter. We introduce an asymmetry
parameter a € [0, 1] to control how strongly absence of an edge in G(™) is treated
as negative evidence. For each m and ordered pair (i,7), define the mismatch
weight

)

wm — Win gl(;n) (Al(-;n) cg—n) +(1— AE;-")) a). (2)

Thus, disagreements with a present edge (i — j) in G™ are penalised pro-
portionally to its confidence cgm), while disagreements with an absent edge are
penalised with strength scaled by «. Setting ov = 1 treats presence and absence
symmetrically, whereas a = 0 ignores absence as evidence.

In the next section, we define a loss that measures disagreement between

the consensus adjacency matrix A and the ensemble {A(m)} using the weighted
(m)

Hamming mismatch |A;; — Al(;n)| scaled by w;;"’, together with an explicit spar-

sity penalty on the number of edges in A.

3 Methodology

3.1 Weighted Information Loss

We measure disagreement between the ensemble and a single consensus adja-
cency matrix A via a confidence-weighted Hamming mismatch plus a sparsity
penalty:

M
LAA) = 35wl Ay - A + Y Ay, (3)
m=1 i#£j i#j
subject to A encoding a DAG and A;; = 0. Here A\ > 0 controls sparsity.
(m) (

Here the graph weights wy, are absorbed into w;; Section 2), so graphs
with smaller w,, contribute less to the total loss.

The coeflicients wgn) (Section 2) modulate the cost of an edgewise mismatch.
When (i — j) is present in G(™), mismatches are weighted by the edge confidence
cgn); when it is absent, mismatches are weighted by «, controlling how strongly
absence is treated as negative evidence. The final term A}, oy A;j is an {o-style

sparsity penalty encouraging compact consensus graphs.

3.2 Reduction to a Maximum-Weight Acyclic Subgraph Problem
Because A;j, AZ(»;") € {0,1}, we can expand the absolute value:
Collecting terms depending on A;; yields

Ly(A) = C = ) Si;Ay, (4)
i#j
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where ¢ = Y M| D it wE;n)AE;n) is a constant independent of A, and the edge

score matrix S € R4xd ig

M
Sij = ngn)(mg;@) —1) = (5)
m=1

Note that wgn) already includes the graph weight w,, and (when available)

(m

the node-reliability factor 9i; ). Therefore minimizing (3) is equivalent to maxi-

mizing Z#j Si;Aij subject to acyclicity i.e., obtaining

Aeg)l%)}{dxd ; SijAi; s.t. Ais acyclic and A;; = 0. (6)

Equation (6) defines the maximum-weight acyclic subgraph (MWAS) problem.
Thus, consensus selection reduces to choosing a highest-scoring subset of directed
edges that forms a DAG.

3.3 Exact ILP Solver

We introduce binary decision variables z;; € {0,1} indicating whether the di-
rected edge (i — j) is selected, and integer order variables r; € {0,...,d— 1} for
each node. Using a big-M construction with M = d, we enforce acyclicity via

ri+1 < rj+d(1l— ) Vi # j. (7)

When z;; = 1 the constraint reduces to r; +1 < r;, enforcing r; < r; along every
selected edge; when x;; = 0 it is non-binding. Distinct ranks are not required:
enforcing a strict increase along each selected edge suffices to exclude directed
cycles. (Optionally, we may restrict variables to candidate edges with S;; > 0
without changing the optimum; see Lemma 1.)

The resulting mixed-integer linear program is

max E 51.131 8

{zij}.{ri} vy s ( )
i

st rmi+1<r;+d(1—mzy) Vi#j, (9)

x5 € {0,1}, r;€40,...,d—1}, x5 =0.

We solve (8)—(9) with a MILP solver, yielding an optimal consensus DAG when
solved to completion, or the best incumbent integer-feasible solution found under
a time limit. Algorithm 1 summarises the formulation.

3.4 Greedy Acyclic Edge Addition

To obtain a faster alternative to the exact ILP optimisation, we also implement
a greedy heuristic for the MWAS objective (6). The procedure constructs an
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Algorithm 1: Exact ILP solver for consensus DAG selection. With a
time limit, the solver returns the best incumbent integer-feasible solution
found.

Input: Edge-score matrix S € R™ ¢, time limit T" (seconds)
Output: Consensus adjacency matrix A € {0,1}4*? (a DAG)
Create a MILP with binary variables z;; € {0,1} for all 4 # j
Create integer order variables r; € {0,...,d — 1} for all ¢

Objective: maximize Z Sij Tij
i#]
Acyclicity constraints (big-M, with M = d):
for i < 1 to d do
for j < 1toddo
if 4 # j then
L L Add constraint 7; +1 < 7; +d (1 — x45)

Solve the MILP with time limit T
Set A;;j < x5 for all ¢ # j and Ay <0
return A

acyclic edge set by processing candidate edges in decreasing score order and
accepting an edge only if it preserves acyclicity. Unlike the ILP solver, which
can certify global optimality when it terminates with status Optimal, the greedy
method provides no optimality guarantee; it is intended as a scalable heuristic
that often achieves near-optimal objective values in practice.

Compute the score matrix S in (5).

Sort all directed edges (i — j) with S;; > 0 by decreasing score.

Initialize A = 0.

Tterate through the sorted edges and add (¢ — j) if and only if doing so does
not create a directed cycle.

Ll

Cycle checks are performed by reachability (testing whether i is reachable from j
before adding ¢ — j), ensuring the output is always a valid DAG. The runtime is
dominated by sorting O(d?logd) candidate edges plus incremental reachability
checks.

Algorithm 2 summarises the greedy acyclic edge-addition heuristic used in
our experiments.

4 Theoretical Properties

We collect four basic properties of the consensus objective. Let V = {1,...,d}
and let {A(M}M_| be adjacency matrices of input DAGs on V. For each m and

each ordered pair (¢, ) with ¢ # j, let wg-n) > 0 be the mismatch weight defined
in Section 2 (Eq. (2)), and let A > 0.
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Algorithm 2: Greedy acyclic edge-addition heuristic. REACH-
ABLE(u, v; ) returns true iff v is reachable from u via directed paths
under adjacency lists V.

Input: Edge-score matrix S € R%*¢

Output: Consensus adjacency matrix A € {0,1}4*? (a DAG)
A+0
for i < 1 to d do
L N(@) 0 // adjacency list of outgoing neighbours
€« {(i,5,8i5) 1 # j, Si; > 0}
Sort £ in descending order of score
foreach (i, j,s) € € do
if REACHABLE(],i; ) then
L continue // adding i—j would create a cycle
A»L'j —1
N(i) < N (i) u {j}

return A

Define the loss

M
LA(A) = SN Wi A - AT+ AN Ay, (10)

m=1 iz; i

where A € {0,1}9%? is constrained to be acyclic and A;; = 0. Let A denote the
set of all such DAG adjacency matrices.

Edge scores. For i # j, define the aggregated edge score

J

M
Sy = Y w24 —1) — A (11)
m=1

Theorem 1 (Score reduction). There exists a constant C independent of A
such that, for all feasible A € A,

Ly(A) = C = ) Si;A; (12)
i#j
Consequently, minimising Ly over A is equivalent to mazimising Zi# SijAij

over A (a mazimum-weight acyclic subgraph problem).

Proof. For binary Aij,AE;ﬁ) e {0,1}, |A4;; — Ag;l)| = Al(;n) + A — 2AijAE;n).
Substituting into (10) gives

M M
La(A) = >N Wi Al + ZAU«( S wiMa- zAg’;’”)) +AY Ay
m=1 i#j i#] m=1 i#]

=:C
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Consensus DAGs with Minimal Information Loss 9

Collecting the coefficients of A;; yields (12) with S;; as in (11). Since C' is
constant in A, minimising £ is equivalent to maximising ), 25 5 Ajj over A €
A.

Proposition 1 (Edgewise optimum without the acyclicity constraint).
If the acyclicity constraint is dropped (only requiring A;; = 0), an optimal solu-
tion is obtained independently for each (i,5) by

Al = Sy > 0L i#) (13)
Proof. Dropping acyclicity reduces the problem to maximising ), oy Sij Ay over
independent binary variables A;;, so each term is maximised by A;; = 1 iff
Sij > 0.

Lemma 1 (Optimal solutions may be chosen to contain only positive-
score edges). Let A* be an optimal solution of the DAG-constrained problem.
Then there exists an optimal solution A € A with A C A* (edgewise) such that
Zij:1é51j>0.

Proof. If a feasible DAG A contains an edge (¢,7) with S;; < 0, removing that
edge preserves acyclicity and does not decrease the objective ) “v SuvAuy- Re-
peating removes all non-positive-score edges without worsening the objective,
yielding an optimal A with only positive-score edges.

Theorem 2 (Greedy optimality when the positive-score subgraph is
acyclic). Let Et = {(i,j) : Sij > 0} and let GT = (V,E™). If G" is acyclic,
then the DAG A™ defined by A;-"j = I{S;; > 0} is optimal for the DAG-constrained
problem. Moreover, the greedy algorithm that processes edges in decreasing Si;
order and adds an edge iff it preserves acyclicity returns A%,

Proof. If GT is acyclic then AT is feasible. Any feasible DAG omitting some
(i,7) € ET has strictly smaller objective since adding (4, j) preserves acyclicity
and increases ), £ Si;jAij. The greedy procedure encounters all edges in E*
before any non-positive edges; since none of them creates a cycle under the
assumption, greedy adds them all and returns A™.

5 Experiments

We evaluate the greedy heuristic and the ILP solver on a controlled synthetic
generator that produces ensembles of weighted, confidence-annotated DAGs on
a fixed node set V = {1,...,d}. We sweep

d € {10,20, 30, 40, 50, 60, 70, 80, 90, 100},

and run 50 independent repetitions per d. Each repetition generates an ensemble
of size M = 50. All experiments use the hard setting 6 = 1 (we do not sweep ¢),
because it induces sufficiently strong conflicts among high-scoring edges to ex-
pose differences between the greedy heuristic and the ILP baseline. Randomness
is controlled by a global seed (SEED= 0) and, for each repetition, an independent
32-bit seed is sampled and used to initialise a fresh RNG.
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5.1 Synthetic ensemble generator

Ground-truth DAG. For each repetition we sample a base topological order g
uniformly at random and generate a ground-truth DAG A%“® by sampling each
forward edge (consistent with my) independently with probability

Porue = clip(po(1 4 0.56), 0.05, 0.6), with py = 0.25.

Thus, in the hard setting 6 = 1, we have piue = 0.375. Here clip(z, f,u) =
min{u, max{/,z}}.

Per-graph topological orders via disjoint triples. To induce systematic disagree-
ments across ensemble members, we partition nodes into disjoint triples (a ran-
dom partition from a random permutation of nodes). In the hard setting we
activate all triples and, for each ensemble member m, assign to each triple one
of three equally likely cyclic modes:

(a,b,¢), (b,c,a), (c,a,b).

These local triple orders are then concatenated in the order in which the triples
first appear along 7, followed by any leftover nodes (if d Z 0 (mod 3)), produc-
ing a per-graph order m,,. Each generated graph is guaranteed acyclic, as edges
are only inserted forward with respect to m,,.

Noisy ensemble members. Each ensemble member A(™ is generated from Atrue
in two steps. First, each true edge is kept with probability 1 — fnr where

for = 0.03 + 0.305,

and, conditional on being kept, is oriented to be consistent with 7,,: if 7, ranks
i before j we set i — j, otherwise we reverse it to j — 4. Second, we add spurious
forward edges (consistent with 7,,) independently with probability

fpr = 0.01 + 0.309

among ordered pairs not already occupied.

6 Results

We report results over 50 independent repetitions for each graph size d in the
hard setting (6 = 1). In the hard setting, the generator activates the maximum
fraction of triple-order perturbations, inducing many conflicting high-score edges
across ensemble members and thereby creating frequent cycle-breaking trade-offs
for the consensus solvers. The error bars denote the standard error of the mean.
The ILP solver (CBC via PuLP) is run with a time limit of 700s. In this sweep, it
returns status Optimal on all instances, so L(ArLp) is a certified global optimum
of our objective.
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d tg (s) tip (s)  speedup AL rel. gap Ham.
10 1.20x107* 1.72x107% 1.44x10° 9.89x107%  2.74%  2.62
50 1.04x1072 3.30 3.19x10% 5.33x1072  2.81% 15.08

100 1.31x107"  7.69x10" 5.88x10® 1.03x107"'  2.62% 29.16
Table 1: Hard setting (6=1), 50 repetitions per d. Greedy runtime ¢, vs ILP
runtime tip, speedup tip/ty, objective gap AL = L(Ay) — L(Awp) (ILP is
optimal in all runs), relative gap AL/L(Arp), and Hamming distance |4, —

Ampl1.

Figure 1(a) shows runtime versus d (logarithmic y-axis). Greedy remains
extremely fast across the full sweep (from ~ 107%s at d = 10 to ~ 107 !s at
d = 100), whereas the ILP runtime grows steeply with d (from ~ 10~ !s at d = 10
to ~ 10%s at d = 100). The resulting speedups range from a few hundredx to
over 103x (Table 1).

Figure 1(b) reports the optimality gap in our objective, A(d) = L(A4,) —
L(Ap) > 0. The mean gap increases mildly with d but remains small in absolute
and relative terms. Across the sweep the relative loss gap stays around ~ 2.6%—
2.8% (Table 1). Thus, despite its purely local edge-addition rule, greedy typically
finds solutions that are very close to optimal under the proposed information-loss
objective.

Exact equality of adjacency matrices is a strict notion. A single edge swap
already yields A, # Amp. To quantify magnitude of disagreement, figure 1(c)
plots the Hamming distance ||A; — Amwp|1. Even at d = 100, the two solutions
differ by only ~ 29 directed edges on average, out of up to d(d — 1)/2 = 4950
edges in a complete DAG order. This explains why the mismatch indicator can
be close to one (Fig. 2) for larger d while the objective gap remains modest.

Figure 1(d) further relates solution quality to structural difference by plotting
the per-instance objective gap against the Hamming distance. Instances with
larger structural deviation tend to have larger gaps, but the overall gaps remain
small, indicating that many alternative acyclic edge sets achieve very similar
total score. This is consistent with the hard generator producing numerous near-
ties among high-scoring edges, where resolving cycles requires global trade-offs
that greedy and ILP may break differently.

7 Discussion

Our experiments highlight a clear optimality-efficiency trade-off. The ILP solver
provides certificates of global optimality for moderate graph sizes, making it
valuable both as a benchmark and as a practical solver when d is not too large.
However, its runtime increases rapidly with d, reflecting the combinatorial nature
of selecting a maximum weight acyclic subgraph.

In contrast, the greedy heuristic scales smoothly and delivers solutions that
are near-optimal in the proposed objective throughout the sweep. Importantly,
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Fig. 1: Hard setting (6 = 1), 50 repetitions per d; error bars are standard error
of the mean.

the frequent event A, # Amp at larger d should not be over-interpreted. The
Hamming distance between the two solutions remains small relative to the to-
tal number of feasible edges, and the objective gaps remain around only a few
percent. Empirically, this indicates that the hard instances contain many high-
scoring edges whose scores are close, so there are multiple acyclic edge sets with
very similar total scores. Greedy may commit early to one high-scoring edge
that later blocks a slightly better combination, whereas the ILP can globally
reconfigure a small set of edges to eliminate cycles while improving the total
score.

From a practitioner’s perspective, these results suggest a simple workflow.
Use greedy as the default solver for large graphs (fast, near-optimal), and use
ILP when certificates are required or when validating the heuristic on smaller
instances. When interpretability and sparsity are priorities, the sparsity penalty
A provides an explicit knob to control edge density; exploring the loss-sparsity
trade-off (e.g., a Pareto curve over \) is a natural extension for application-driven
studies.
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Fig. 2: Mismatch rate P(A; # Arp) in the hard setting (6 = 1).

8 Conclusion

We introduced a principled formulation for collapsing an ensemble of confidence-
annotated DAGs into a single consensus DAG. Our objective measures weighted
Hamming disagreement with the ensemble—allowing heterogeneous graph weights
and edge /node reliabilities—together with an optional sparsity penalty, while en-
forcing global acyclicity. We showed that minimising this loss is equivalent to a
maximum-weight acyclic subgraph problem with an explicit edge-score matrix,
clarifying the role of the acyclicity constraint and the connection to standard
edgewise thresholding.

To solve the resulting optimisation, we presented two complementary solvers.
A fast greedy acyclic-add heuristic and an exact ILP baseline. Experiments on
a controlled hard synthetic generator demonstrate a clear accuracy-efficiency
trade-off. Greedy scales smoothly to d = 100 with sub-second runtimes, whereas
ILP runtime grows rapidly, while still providing certificates of optimality. Despite
frequent structural mismatches between greedy and ILP solutions, the greedy
solver attains near-optimal objective values across the sweep, indicating a “many
near-optima” regime where multiple distinct DAGs have very similar loss.

Overall, our results suggest using ILP when a certified optimum is required
(e.g., benchmarking, small graphs), and greedy as a scalable default for larger
instances or repeated analyses. Future work includes extending the formulation
to incorporate additional structural constraints (e.g., bounded in-degree), study-
ing approximation guarantees under score-structure assumptions, and evaluating
the approach on real ensembles produced by Bayesian posterior sampling and
bootstrap-based structure learning.
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