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Abstract. Although Vehicle Routing Problems (VRP) are essential to
many real-world systems, they remain computationally intractable at
scale due to their combinatorial complexity. Traditional heuristics rely on
handcrafted rules for local improvements and occasional jumps to escape
local minima, but often struggle to generalize across diverse instances. We
introduce COAgents, a cooperative multi-agent framework that models
the search process as a graph: nodes represent solutions, and edges corre-
spond to either local refinements or large perturbations for diversification
(i-e., jumps). A Partial Search Graph (PSG) is dynamically constructed
during search, enabling COAgents to train a Node Selection Agent and
a Move Selection Agent to guide intensification, and a Jump Agent to
trigger well-timed explorations of new regions. Unlike end-to-end learning
approaches, COAgents cleanly separates problem-agnostic search control
from compact domain-specific encoding, facilitating adaptability across
tasks. Extensive experiments on the CVRP and VRPTW benchmarks
show that COAgents remains competitive with several learn-to-search
baselines on CVRP and sets a new state of the art among learning-based
methods on the more challenging VRPTW instances, reducing the gap
to the best-known solutions by 14% at N = 100 and 44% at N = 50
relative to the strongest neural solver (POMO), and by 21% and 40%
respectively relative to ALNS.

Code is available at https://github.com/mahdims/COAgents.

Keywords: Combinatorial Optimization - AI Agents - Partial Search
Graph - CVRP - VRPTW.

1 Introduction

Combinatorial optimization problems are central to many real-world decision-
making scenarios, including finance, e-commerce, logistics, and manufactur-
ing [27]. Despite breakthroughs in generic solvers, the inherently discrete nature
of these problems means that even state-of-the-art solvers often fall short on
practical-sized instances, particularly in real-world large-scale logistics and rout-
ing applications [26]. Consequently, there is a demand for fast, reliable heuristic
methods that can produce high-quality solutions within limited computation
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times. Numerous variants of the Vehicle Routing Problem (VRP) offer a solid
yet diverse playground for prototyping and testing such OR methods.

Many traditional heuristics for VRPs are built on iterative local search: at
each step, they (i) select a current solution, (ii) apply one or more neighborhood
moves, and (iii) accept or reject the resulting solution via a heuristic rule. To
avoid getting stuck, the VRP solvers augment this process with diversification,
randomized constructions, or large perturbations that “jump” to new regions.
The local search algorithms are repeatedly answering three core questions: 1)
Which solution becomes the next incumbent? 2) Which operator should be
applied next? 3) When and how should the search be redirected to escape a
local minimum?

Despite their widespread success, classic methods rely on handcrafted,
problem-specific rules for each decision, demanding extensive domain expertise
and costly trial-and-error tuning [15]. Even minor shifts in problem formulation
or input data can invalidate the tuned parameters, forcing expert intervention
and comprehensive re-engineering. Moreover, static rule sets cannot accumulate
or adapt from past search experience, nor adjust online to evolving instance
distributions. This brittleness and maintenance burden motivate our shift to the
COAgents framework, where learned agents replace fixed heuristics to deliver
adaptive, data-driven decision policies with minimal manual tuning.

COAgents is a general multi-agent framework that leverages search history
to orchestrate local improvement heuristics via three learned agents, the Node
Selection Agent (NSA), the Move Selection Agent (MSA), and the Jump Agent
(JA), operating over a Partial Search Graph (PSG). A PSG is the visited sub-
graph of the entire search space, with nodes representing explored solutions and
edges representing moves or jumps, thereby encoding the search history. Start-
ing from an initial solution, NSA selects a candidate node and MSA predicts the
most promising improvement heuristic, driving local exploration. When repeated
failed attempts signal stagnation, JA generates a new solution from scratch based
on the search history, steering the search into previously unexplored or unreach-
able regions. This jump transformation is not a standard operator but a learned
restart that escapes local minima and resumes downhill search from a fresh
point. Control then returns to NSA and MSA for renewed local search. Figure 1
outlines this top-level loop: NSA, MSA, move application, PSG update, and con-
ditional invocation of JA. The loop is executed until the computational budget
(for example, time limits or number of explored nodes) is reached.

Contributions COAgents is the first multi-agent framework that models and
learns a combinatorial search space of VRPs via collaborative decision-making
over a Partial Search Graph. Our key contributions are: (1) Novel learned
agents. We introduce two new agents, the Node Selection Agent, which pri-
oritizes promising regions of the search, and the Jump Agent, which predicts
learned restarts to escape stagnation—alongside a learned Move Selection Agent,
collectively replacing handcrafted rules. (2) Unified, weight-shared architec-
ture. Agents share a common neural backbone, yielding data-efficient training,
easy transfer to new problem variants, and reduced expert tuning. (3) Partial
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Fig. 1: The COAgents which defines how our three agents are collaborating to orches-
trate the search.

Search Graph representation. We formalize the PSG as a general, history-
aware state encoding that drives agent decisions. (4) Solver- and problem-
adaptive framework. COAgents wraps around a existing local search routines
and neural solvers to enhance them with adaptive decision policies that seam-
lessly adapts to different variants of VRP problems. Empirically, COAgents es-
tablishes a new state of the art among learning-based methods on VRPTW,
reducing the gap to the best-known solutions by up to 44% over the strongest
neural baseline.

2 Related Works

Hyper-heuristics are automated methods for selecting or generating heuristics
to solve combinatorial problems, first introduced in the 1990s [6]. Interest in
hyper-heuristics has grown due to their potential to reduce development overhead
and advances in machine learning [7]. They are broadly classified into selection
and generation approaches [2]. Selection hyper-heuristics choose from a set of
low-level heuristics to apply to the current solution and then decide whether
to accept the new solution [31]. Generation hyper-heuristics, by contrast, create
new heuristics by combining building blocks or identifying patterns in existing
ones [37]. COAgents differs from these methods as it is a multi-agent framework
that not only selects heuristics but also makes decisions on solution selection
and diversification jumps.

Learn-to-Search methods. [23] introduced a learn-to-search (L2S) frame-
work for VRPs that iteratively improves an initial solution by selecting cus-
tomized operators through a reinforcement learning (RL) controller. Building
on this idea, [3] proposed a deep RL approach that iteratively modifies local
solution components until convergence, successfully addressing problems such as
the Capacitated Vehicle Routing Problem (CVRP), scheduling, and Traveling
Salesperson Problem (TSP). More recently, [21] formulated operator selection in
hyper-heuristics as a Multi-Armed Bandit (MAB) problem, leveraging Thomp-
son Sampling and EXP3 to adaptively handle adversarial and non-stationary
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settings. These online MAB algorithms dynamically tune parameters during
runtime, and were tested on the Vehicle Routing Problem with Time Windows
(VRPTW). COAgents differs fundamentally from these methods by going be-
yond operator selection. It introduces a multi-agent framework that simulta-
neously decides which solution to expand, which operator to apply, and when
and where to diversify, while explicitly modeling the search space as a graph for
richer context.

ALNS operator selection. Recent studies have applied Deep Reinforce-
ment Learning (DRL) to improve operator selection in Adaptive Large Neigh-
borhood Search (ALNS). [11] and [14] used multi-layer perceptron architectures,
relying only on high-level search features (e.g., iteration count, temperature,
and optimality gap) and ignoring solution-specific details. This omission may
limit operator-selection effectiveness. To address this, [13] use a Graph Neural
Network (GNN) that embeds the current solution graph to guide operator selec-
tion from a large pool (28 destroy and 7 repair operators), achieving consistent
gains across five routing problems. Building on these ideas, [30] introduced DR-
ALNS, a DRL framework that jointly learns operator selection and dynamically
tunes algorithm parameters. Evaluated on the orienteering problem, DR-ALNS
outperformed both traditional and Bayesian-tuned ALNS of [22]|. Unlike these
approaches, COAgents explicitly models the entire search trajectory as a PSG,
enabling richer context for its solution selection, operator selection, and jump
agents.

3 Problem Statement

We define the combinatorial solution space of a VRP variant as a directed graph
GEP(S, E) where each node s € S represents a distinct solution to the VRP
problem P and F is a collection of neighbourhood moves for the problem P. An
edge e;; € E connects two nodes s’ and s’ if there exists a move that converts s’
into s7. An example of a move that corresponds to an edge is the 2-opt heuristic
for the Traveling Salesman (Sub-)Problem.

Any global optimum s* of the problem P is a node in the graph G4 (S, E).
However, there is no guarantee that an arbitrary solution s can be transformed
into s* via a sequence of moves. Equivalently, G5 (S, E) may be a disconnected
graph. Additionally, for each local optimal solution s}, there exists an induced
subgraph GE9 (s¥; S, E) such that if s is a node of GE9(s¥; S, E) then sequences
of moves from s are likely to lead to s;. We call these induced subgraphs basins
of attraction. Hence, the graph traversal is biased, and neighborhood moves may
lead to a local optimum even when a path to a global optimum exists.

In practical scenarios, only a subset of all possible moves are available and /or
cheap. Therefore, we introduce the search space as the subgraph G2°(S, Exq) C
GEO(S, E), where M denotes the set of available moves, and E ¢ is the corre-
sponding set of edges. From now on, we refer to these spaces as G°° and G©,
respectively. Observe that edges of G°° are a subset of edges of G¢© and the
optimal solution s* is a node in G°5.
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Now, we cast the problem of finding an optimal solution s* € S of a given
VRP problem P to

— finding a set of edges F;, not necessarily corresponding to any legitimate
move, such that G3%(M;S, Ep|J Ey)) is connected,

— and finding the shortest path between an initial solution s(?) € S and s* € S
over the graph G2°(M;S, Epm U Ey)).

We name the set E; jumps. Note that jumps do not have to improve the objective
value; hence, they are not affected by basins of attraction. See fig. 2 for an
illustration.

Explicit representation of G°° is not available due to space and time con-
straints. Instead, we will aim to train our model to implicitly construct the search
space during inference. We achieve this by constructing a set of Partial Search
Graphs and using this set as an additional input to the model. A partial search
graph is an explored subspace of the entire search space. Nodes represent solu-
tions encountered during the search process. Edges represent either the moves
or the jumps. As a result, a PSG captures a trajectory of the search within the
search space G, showing the parts of the space that have been visited and how
they are connected. fig. 3 demonstrates how a PSG evolves between iterations.
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Fig. 2: Moves (black) and jumps (orange) Fig: 3: Evolution of a PSG during the al-
work together in the search of the global ~ gorithm. s denotes solutions and m are
optimum. moves.

In this study, we propose a method that learns how to guide the exploration
of the search space from previous experiences and how to generate jumps during
exploration. We will use PSGs to identify patterns in solution exploration and to
guide further exploration, improving search efficiency by focusing on unexplored
or promising regions. We discuss our approach in the Methods section.
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4 Solution Method: COAgents

COAgents consists of three agents—the NSA, MSA, and JA, which interact as
shown in Fig. 1. Each agent is implemented as a graph-neural-network—based pol-
icy trained to maximize long-term progress toward the optimum. In this section,
we discuss the data representation, model architecture, and training procedures
for these three agents.

4.1 Search History Data Representation

Navigating the non-convex combinatorial solution space of VRPs is a challeng-
ing task. To enhance agents’ understanding of the solution space, it is crucial to
integrate information about the problem, the solution, and the exploration his-
tory. While problem and solution encodings are inherently problem-specific, the
history exhibits a consistent structure across many variants of combinatorial op-
timization problems. Next, we discuss the problem-independent representation
of the exploration history in detail.

Partial Search Graph The presented framework is built upon the PSG data
structure, which represents the search history. As described above, the PSG
is essentially a directed, disjointed graph. Each node in the PSG corresponds
to a single solution s; of a combinatorial optimization problem, and each di-
rected edge (s; — s;) indicates that s; was reached by applying a neighborhood
move operator to s;. The PSG naturally decomposes into connected compo-
nents—which we call samples—each of which explores the neighborhood of a
local optimum sj,. In turn, each sample is a flattened collection of embeddings
of individual solutions s; together with their connectivity information.

Node Features Each solution embedding is represented by a fixed-size vector
u; which encodes global solution-specific attributes, including objective value,
feasibility, and graph-level aggregates such as the gap relative to its parent in
PSG, the number of derived solutions and their objectives, etc. Additionally, each
solution is accompanied by a dynamically sized matrix V; (which varies across
batches) that encapsulates its internal structure. Both u; and V; are constructed
by concatenating the structural and positional embeddings of a CO solution
s;- The detailed computation of these embeddings is discussed next, while the
complete set of per-problem features utilized in our experiments is provided in
Appendix A

Input Embeddings Our agents operate on node embeddings of the PSG intro-
duced above. Since all PSG edges (moves and jumps) are provided explicitly,
we compute each node’s positional embedding s via a simple random-walk
encoder [28]. The structural embedding of the local and global features is then
obtained by

gty = Linear(z,) € R%,

Vitr = Linear(zy) € RV,
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Each solution also carries a problem-specific positional embedding V},os; de-
tails for its construction in each domain are given in Appendix B. Finally, we
concatenate structural and positional embeddings:

Uinp = Ustr Auposv V;an = Vstr AVpos~ (2)

!
where u;y,, € R4utdros and V;,,, € R4V Hdpos

4.2 Agent Architectures

All the agents are composed of the same core blocks, with only minor differ-
ences in functionality. We employ a combination of Gated Graph Convolution
(GGCN), Transformer, and problem-specific modules as the universal core block
of the agents’ networks. GGCN layers propagate and filter messages among each
node’s immediate neighbors in PSG to capture local structural patterns, while
Transformer layers apply global self-attention across all nodes to model long-
range dependencies. Given GGCN’s graph-specialized capabilities, we opted for
a standard Transformer architecture rather than a graph attention mechanism.
Figure 4 illustrates the general architecture of agents.
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Fig. 4: Agents model architecture

Our network comprises a stack of interleaved CoreBlocks, each consisting of a
Gated Graph Convolutional Network (GGCN), followed by a Transformer layer,
and finally an augmented problem-specific layer. Let ugl_l) € R% be the global
embedding of node i and let vz(,lc_l) € R% denote the k-th row of its internal

; (=1 _ -1 1—-1 -1 1-1 -1 .
structure matrix V = [v50 Y01 s Ug gVl ,...,’UM7N] where N is the

size of the problem and M is the amount of trial solutions in the scope of an
agent. The CoreBlock transformation is then:

(@, V") = GGeN@{ ™V, vV B,
(d(l) ~»(l)) = Transformer(ﬂgl), Vi(l)),

v = (v V),

N e O R CRR G I )
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4.3 Core Block of COAgents

CoreBlock: Gated Graph Convolution Network. We process the immediate neigh-
borhood of each node in the PSG with the Gated Graph Convolutional Network
(GGCN) [1,29]. The GGCN part learns to gate and propagate information along
edges of the PSG. It transforms the input representation (details provided in Ap-
pendix C1 ) into @' and V' (the first line of eq. (3)) using a variant of message
passing mechanism.

CoreBlock: Transformer. To capture the long-range dependencies across the
PSG, we apply a standard Transformer self-attention block (the second line
in eq. (3)). The M-by-M attention matrix of the transformer encodes (as it is
described in Appendix C2) pairwise attention weights across all PSG nodes.
Each of the attention weights uniformly scales all the internal features V; of a
PSG node i. Since the inner dimension N (e.g., VRP customers) can be ar-
bitrarily large, we delegate the row-wise attention over V; to problem-specific
modules due to computational overhead. Approximate Transformers implemen-
tations, such as Linformer [34] or Performer [5], can mitigate this computational
burden to near-linear complexity. Their application, however, would introduce
additional errors in a problem-dependent manner, making seamless integration
into our generic framework challenging without further problem-specific tuning.

CoreBlock: Problem-Specific End-to-End Modules. The problem-specific layers
neither possess any intrinsic knowledge about our framework nor operate at the
PSG level. Consequently, they can be trivially outsourced from existing liter-
ature and updated to enhance framework efficiency as domain-specific SOTA
evolves. The E2E module focuses exclusively on the internal structure of the
combinatorial problem V (as it is shown in the last line of eq. (3)), refining
it independently from the rest of the framework by leveraging both previous
and current local embeddings. It is the framework’s responsibility to adapt to
the problem-specific layer and inject meaningful correcting dependencies directly
into the latent space of an E2E module. Appendix C3 lists the architectures
that we used for each problem type.

4.4 Decoders

Node € Move Selection Decoders Both the Node Selection Agent and Move
Selection Agent use the same decoder head. Given each node’s final embeddings
(u;, V3), we first aggregate:

N
1 _
5= k}ﬂ: GELU(G (u; ")),

where G € R%*(dutdv) Then, letting U € R W e RIx(d=Hde) apnd
{em}M_| C R% be move embeddings. Denoting o as the sigmoid function, we

compute
pi = o(Uz), pim = c(W (2 “em)),
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Jump Decoder The Jump Decoder decodes the final local embedding VZ-(L) €
RNV*de of a selected solution into a stochastic adjacency matrix ¥ € RV,
Concretely:

(L) Ty ()T
Y, = (Vz WoWyV; )
Vi
We then mask self-decisions by setting (Y;)gx = —oco for all k, and apply a

row-wise softmax:
P; = softmax(Y;) € [0,1]V*V,

Each row of P; is a probability distribution over decisions (e.g., edges or arcs)
for one component of the solution. Sampling from P; yields a completely new
solution in one shot. In our implementation, we apply this decoder to the local
optimal solution from the previous jump; alternatively, it can be run on any or
all PSG nodes to generate diverse candidates.

4.5 Training

Let D ={Gi,...,Gn} be our dataset of PSGs. Each PSG G has a set of solutions
S and, for each s € S, a set of candidate moves M.

We treat node and move selection as two binary classification tasks trained
jointly. For each solution s € S, we assign y, € {0,1}, which is 1 if s is closest
to the optimal solution in and 0 otherwise. For each move m € M, we assign
Ys.m € {0,1}, which will be 1 if applying m to s yields the best next candidate
in S, and 0 otherwise. Given the predicted probabilities ps and ps ., (see section
Decoder), we minimize the joint binary cross-entropy:

‘Cselect = - Z {yi 1ngi + (1 - yi) log(l - pi)}

(4)

i,m

At inference, we sample the node index i ~ {p;}; and then sample the move
m ~ {pim}m according to these distributions.

The Jump Agent is trained separately. For each CO instance, we precompute
a set of K target solutions {§(1), ..., §(5)}, comprising the optimal solution and
near-optimal neighbors that can be converted to optimal with given heuristics.

Let Z be the set of all atomic decisions (e.g., edges or arcs). The Jump
Decoder outputs probabilities P; € [0,1] for each i € Z. For each 6), we
compute labels y*) € {0,1}. Then, we pick the closest reference via k* =

arg ming % Ziez|y§k) - Pi’, set y* = y*"), and minimize
Linmp = — Y _ |7 log Pi + (1 — y7)log(1 — Py)]. (5)
s

At inference, decisions ¢ are sampled according to P to form a complete solution
in one shot.
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Training stability. Across training, the node and move selection agents exhib-
ited stable convergence because each sampled subgraph contains a single positive
move label. The jump agent was more sensitive, since multiple structurally dif-
ferent solutions can be near-optimal and therefore valid jump targets. To reduce
label ambiguity, we train the jump model against a set of near-optimal references
and select the closest target during training. We did not observe a collapse in
the reported runs.

Computational overhead. Let K denote the number of retained nodes per PSG
subgraph, |Epgc| the number of PSG edges, N the problem size (e.g., number
of customers), |M| the number of candidate moves, and d the hidden dimen-
sion. Each GGCN layer scales as O(|Epsa|d), the PSG-level Transformer as
O(K?d), the node and move decoders as O(Kd + K|M]|d), and the jump de-
coder as O(N?2d) per invocation. The dominant per-iteration costs are therefore
PSG-level self-attention, quadratic in K, and jump decoding, quadratic in V.
Because the PSG grows unboundedly with search length, we cap each subgraph
at K <64 nodes, evicting the oldest entry once the limit is exceeded, while leav-
ing the number of subgraphs in the history pool unrestricted. This bounds the
O(K?d) attention term to a small constant and preserves long-horizon histori-
cal context, keeping per-iteration latency low. The O(N?d) jump-decoder cost
remains problem-dependent and is the only term that grows with instance size.

5 Experimental Setup and Results

In this section, we evaluate our COAgents framework on two variants of VRP: (1)
the Capacitated Vehicle Routing Problem and (2) the Vehicle Routing Problem
with Time Windows. Detailed problem definitions are given in Appendix D,
and the training data generation procedure is described in Appendix E. All
methods are implemented in Python 3.11 using PyTorch 2.4.1 and trained on
a machine with six NVIDIA P100-PCIE 16 GB GPUs under CUDA 12.2. Full
reproducibility details, including framework configuration, training data, and
per-agent hyperparameters, are provided in Appendix F. Runtimes in Tables 1—-
2 report total wall-clock time over the full test set (following prior work), whereas
Table 3 reports average per-instance inference time.

5.1 Experimental Test on the VRPTW

To train our agents, we generate 10K VRPTW instances with 100 customers
using a random instance generator. Table 1 compares COAgents against state-
of-the-art solvers including heuristics (LKH [8], HGS [33], OR-Tools) and L2C
models (MVMOoE [38], POMO [20]). We evaluate on the 1K test instances intro-
duced by [38]. All baseline results are taken from [38] unless otherwise specified.
COAgents achieves the best performance across all neural solvers, OR-Tools, and
ALNS;, reducing the optimality gap by 14% (N = 100) and 44% (N = 50) rela-
tive to the strongest neural solver (POMO), and by 21% and 40%, respectively,
relative to ALNS.
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Table 1: VRPTW: Average objective (Obj.), gap vs. HGS, and runtime on 1k test
instances. (H: heuristic, C: learn-to-construct, S: learn-to-search.) Times are total wall-
clock time over the full test set.

Method Type | N =50 | N =100

| Obj. Gapl Timel| Obj. Gap| Timel
HGS H 14.51 * 8.4m | 24.34 * 19.6m
LKH3 H 14.61 0.66% 5.5m |24.72 1.58% 7.8m
OR-Tools H 14.92 2.69% 10.4m | 25.89 6.30% 20.8m
ALNS (1k) H 14.97 2.79% 13.4h | 25.49 4.68% 7.3d
POMO C 14.94 2.99% 3s 25.37 4.31% 1l1s
POMO-MTL C 15.03 3.64% 3s 25.61 5.31% 1l1s
MVMoE/4E C 15.00 3.41% 4s 25.51 4.90% 12s
MVMoE/4E-L C 15.01 3.50% 3s 25.52 4.93% 11s

S

COAgents |14.77 1.67% 3.5h |25.26 3.69% 5.3h

5.2 Experimental Test on CVRP

We used the 10K CVRP instances with 100 customers introduced by [25] to
train our agents. Table 2 benchmarks our COAgents against the main families
of neural VRP solvers on 10k test instances introduced in [25]: 1. L2P (learning-
to-predict): CVAE-Opt-DE [9], DPDP [19] (state-of-the-art) 2. L2C' (learning-to-
construct): AM+LCP [17], POMO [20], Sym-NCO [18], POMO+EAS(+SGBS)
[10,4] 3. L2S (learning-to-search): NLNS [12], NCE [16], Wu et al. [36], DACT
[24] (state-of-the-art). Unless stated otherwise, all baseline numbers are taken
from [25]. For a fair comparison, we evaluate inference on a single GPU/CPU
using a neural processing unit comparable to an A100 GPU [25]. Following prior
work [10, 24, 25|, we report: (i) average tour cost, (ii) optimality gap relative to
the state-of-the-art solver HGS [33], and (iii) total wall-clock time.

5.3 Comparison with ALNS

In this section, we compare against a strong ALNS baseline that includes all local
improvement moves available to COAgents, together with 27 additional destroy-
and-repair pairs from [13]. This makes the comparison conservative: ALNS has
access to a larger pool of handcrafted operators, while COAgents differs mainly
in its learned node selection, move selection, and jump policies. Both algorithms
are run for 1000 iterations, and we evaluate the quality of their best-found ob-
jective values at ten checkpoints during the search on the 1k VRPTW test set
from [38]. COAgents consistently outperforms ALNS. Despite using the same
local improvement heuristics, COAgents outperforms ALNS by replacing static
destroy-and-repair operators with a learned Jump Agent. When combined with
the NSA’s solution selection and the MSA’s operator choice, this learned diver-
sification provides far more robust and effective guidance than ALNS’s hand-
crafted policies.
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Table 2: CVRP: Average Obj., gap vs. HGS, and runtime on 10k test instances. (H:
heuristic, C: learn-to-construct, S: learn-to-search, P: learn-to-predict, RL: reinforce-
ment learning, SL: supervised learning, UL: unsupervised learning, DE: dynamic en-
coding, DP: dynamic programming, AS: active search, BS: beam search.). Times are
total wall-clock time over the full test set.

Method Type Post ‘ N=20 ‘ N =50 ‘ N =100
| Obj. Gapl Timel | Obj. Gapl] Timel | Obj. Gapl Timel
HGS [33] H 6.13  * 2.3m |10.37  * 15m | 15.56  * 4.2h
LKHS3 [8] H 6.14 0.08% 4.7m |10.38 0.09% 35m |15.65 0.54% 9.8h
ALNS(1k) [13] H 6.19 1.09% 1.3d |10.78 3.93% 5.5d |16.54 6.01% 18.3d
CVAE-Opt-DE P/UL DE |6.14 0.16% 1.5h |10.40 0.33% 6.1h - - -
DPDP(1M) P/SL  DP - - - - E - |15.63 0.41% 1.2d
AM+LCP C/RL - 6.15 0.33% 23m |10.52 1.48% 52m |16.00 2.81% 2.1h
Sym-NCO C/RL - - - - - - - | 15.67 0.70% 7.2h
POMO C/RL - 6.14 0.09% 1.7m |10.40 0.30% 1lm |15.67 0.70% 7.2h
POMO+EAS C/RL  AS |6.13 0.04% 6.8m |10.38 0.13% 38m |15.61 0.30% 16h
POMO+EAS+SGBS(short) C/RL AS4BS| — - - - - ~ 1559 0.15% 1d
POMO+EAS+SGBS(long) C/RL AS4BS| - - - - - — | 1558 0.10% 4.1d
NLNS(5k) S/RL - 6.18 0.73% 12m |10.51 1.35% 48m |15.92 2.26% 2.4h
NCE(CROSS) S/SL - 6.13 0.00% 11h |10.41 0.42% 2.3d |15.81 1.59% 10.4d
Wu et al. S/RL - - - - |10.54 1.72% 4.2h |16.17 3.87%  5h
DACT S/RL - 6.13 0.01% 3m |10.38 0.16% 16h |15.74 1.11% 1.7d
NeuOpt(D2A=1,1k) S/RL - 6.13 0.03% 2m |1043 0.61% 12m |15.87 1.94% 28m
COAgents(1k) S/SL - | 618 0.34% 222h |10.60 1.44% 1.2d |16.05 2.72% 1.9d
Gap Evolution
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° Method
0.175 + - [ COAgents
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o
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Fig. 5: Comparison of optimality gap for a test set of VRPTW instances.
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5.4 Ablation Study

To assess the contribution of each component in COAgents, we conducted an
ablation study on VRPTW instances. We evaluated three variants: removing
the node selection agent (fallback to hill climbing), removing the move selection
agent (fallback to the standard ALNS adaptive mechanism), and removing the
jump agent. Table 3 reports the average gap to HGS solutions and runtime.
Removing the Jump Agent nearly doubles the gap (from 3.7% to 7.8%), making
it the most impactful component of COAgents. Nonetheless, the other agents
also contribute to the algorithm’s success.

Table 3: Ablation study on VRPTW instances.

Variant Avg. Gap | Avg. Time, s |
COAgents (full) 3.691% 19
w/o Node-Selection  3.705% 19
w/o Move-Selection  4.248% 19
w/o Jump Agent 7.762% 52

6 Discussion and Future Directions

Our empirical results demonstrate that COAgents is a compelling alternative to
classical heuristics as well as learn-to-construct and learn-to-search methods. On
the VRPTW (Table 1), COAgents outperforms all neural baselines, OR-Tools,
and ALNS, narrowing the gap to HGS by 14-44% over the strongest neural solver
and by 21-40% over ALNS across N=50 and N = 100. On the CVRP (Table 2),
it remains competitive with learn-to-search baselines despite relying solely on
a compact, problem-specific domain-encoding module. Moreover, in every case
COAgents surpasses a pure ALNS implementation, which uses the same local
improvement heuristics plus 27 additional destroy-repair pairs, demonstrating
that our multi-agent system delivers more robust and effective guidance than
ALNS’s handcrafted policies.

Strengths. We attribute our superior performance on harder problems, such
as the VRPTW, to the PSG, which persistently stores high-quality solutions
and feeds them back into our agents. By using this historical information, our
agents can drive targeted intensification or diversification more efficiently. In
contrast, existing learning-to-search approaches make all their decisions solely
based on the current state and their policy weights [13,21], without ever ex-
ploiting accumulated search history. Furthermore, COAgents’ modular design
isolates domain-specific logic in the E2E blocks, so transferring to a new prob-
lem requires only swapping or tuning that module while the GGCN-Transformer
core stays unchanged.

Limitations. COAgents’ runtime is not as competitive as some baseline meth-
ods. This is due to two factors: (1) COAgents uses an iterative improvement
search that repeatedly generates and modifies solutions, making it slower than
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constructive methods (i.e,. L2C) that build a solution only once, and (2) our
heuristic implementations are in Python, whereas traditional heuristics such as
LKH3 and HGS are implemented in C and C+-+, respectively. However, our
execution time is comparable to L2S methods and, in some cases (e.g., NCE),
even faster. The current implementation is evaluated up to N = 100. Scal-
ing to substantially larger or strict real-time VRP settings remains open. The
main bottlenecks are PSG-level attention, which grows quadratically with the
retained PSG size, and the jump decoder, which constructs an N x N decision
matrix. Sparse PSG attention, more aggressive history pruning, batched move
evaluation, and lighter jump decoders are promising directions for reducing this
overhead.

Disclosure of Interests. Competing Interests. The authors have no competing
interests to declare that are relevant to the content of this article.
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A Problem-Specific Feature Definitions

Below we summarize the global and local features used for each problem domain
in our experiments.

Vehicle Routing Problem variants Global feature vector z, for each CVRP so-
lution includes:

— Objective value of the solution.

Number of vehicles.

Number of customers.

— Vehicle capacity.

Improvement in objective relative to the parent solution in the PSG.

— Sum of objective values of offspring solutions (graph-level aggregate).

Sum of squares of objective values of offspring solutions (graph-level aggre-
gate).

Number of offspring solutions (graph-level aggregate).

Local structural matrix xy for each VRP solution is a matrix of customer
coordinates, demand, time windows (if applicable), and their positions in the
route, encoded using cyclic positional encodings [24].

B Solutions Positional Embeddings

Positional Feature Embedding for CVRP and VRPTW. Cyclic positional em-
beddings [24] were adopted to implicitly encode the edges of VRP solution. For
each dimension d with frequency wy,

), if d is even,
)7ﬁdmow.

sin(wd : (z(z) mod i—’;) - i—’;

cos(wq - |(2(i) mod 2% ) — 2
(- | (st moa ) - 2

(6)

Upos =

where z(4) represents an evenly spaced position for the nodes over a cycle.

C Architecture of a Core Block

C.1 CoreBlock: GGCN

Define the outgoing neighbor set N (i) and incoming set N~ (7).
First, we merge global and local features and compute the aggregated solution
embeddings as follows

N
! 1 1-1) ~ (-1
o) =5 D GELU(G (u 7" ~ui V) eR®
k=1
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where N is the size of a problem and G € R%*(dutdv) Next, we compute edge-
conditioned gates in both directions:

0 _

gate; ;
1
tanh(ljw 2 (Wil W FWie)).
(Z) JENT(4)
gateyi) =
tanh( 0] Z (WK zj(,l) +Wg zZ(l) +Wg ejz')),

JEN(9)
where Wg, Wqo, Wg are learnable keys, queries and e;; encodes the heuristic

on edge (i— 7).
We then update each hidden feature row via gated message passing:

Z gate(l) h(l 1)

l -1
B —p-D 4

+
|N ]e/\/+(
Z gate; l)h(l b,
( JEN~(3)

Here h'=1 = V=D H projects the local matrix via H.
Finally, we fuse these updates back into the node embeddings with residual
connections:
(l)>

i = oY 4w, (z§”

HMZ

(1 -1 l

of) =iV + W, hz(’k)7
where W, and W, are learnable projections and 4 and V= [0;1] are output
representations of global and local embeddings, respectively.

C.2 CoreBlock: Transformer

The attention and features matrices are treated separately. The attention is
computed from global @ and internal V' features using condensed solution-wide
representations:

ZGELU @M~y e R

A = softmax( (2T g

where Z € RV*4: is the matrix of all z; in a PSG, Q € RP*4: is the queries
matrix and K € RP*? is the matrix of keys.
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In contrast, internal features V are updated in a more granular manner using
the unrolled attention-weighted summation over all M solutions in the PSG:

Va(tlt) —A® ® (V(l_l)Wv) c RMxNxd,u7

for which A € RM*1XM ig hroadcasted over N internal dimensions and Wy €
RI*dvxdv ig just a learnable linear projector into the layers latent space.

Eventually, the V is updated in a rather typical manner for transformer
layers:

PO =0 4 )

v = LayerNorm(f/(l) + FFN(f/(l))),

where FFN is a two-layer feed-forward network with GELU activation, and
LayerNorm denotes layer normalization. This block aggregates information glob-
ally — irrespective of graph distance — while residual connections and normal-
ization stabilize training.

C.3 CoreBlock: Problem-Specific End-to-End Modules

For CVRP, we adopt the dual-aspect Transformer architecture from [24], which
combines global instance-level representations with a local GCN/GAN module.
We use the same for VRPTW.

C.4 Beam search

The beam search algorithm is described as algorithm 1. Constrained beam search
operates on the initial set of sequences denoted as Sy. For each item in a se-
quence, probabilities P are computed using the Jump Agent. Within each route,
displacement probabilities are averaged to estimate the route’s overall optimal-
ity. The three least probable routes are identified and discarded. The remaining
routes, retained from Sy, serve as the starting point for the constrained beam
search.

Beam search begins with an empty set of completed candidates F'. At each
iteration, every unassigned unique consumer is systematically added to every
candidate sequence in the pool S, each of length |Sy| + iteration. To account for
route splits or merges, the depot is also included among the possible consumers.
Such extension generates up to Npeam X | ¢ Routes| new candidate sequences
of length |Sp| + iteration + 1. To maintain the constant beam search width,
Npeam — |F| candidates are randomly selected from this expanded pool, using
the probability distribution in P as the sampling weight. When any of the new
candidate solution S; incorporates all the consumers, it is transferred from the
candidate pool S to the pool of finished solutions F'.

The iteration process terminates when the objective value of the worst com-
pleted solution, max F', exceeds the best theoretically achievable score among all
incomplete candidates, min S. The algorithm returns the solution from F' with
the most favorable objective value.
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Algorithm 1 Constrained Beam Search

So {Initial sequence}
Routes < max P(Sy) {Most probable routes}
for i =1 to Neamn do
Si; <~ Vs €Sy s ¢ Routes
end for
F+90
while S # () and min S < max F' do
B+
for i =1 to |S| do
for j =1 to |Routes| do
Bij ~— S; U Routesj
end for
end for
S < Sample(B, P, Npeam — |F|)
for i =1 to |S| do
if Vr € Routes r € S; then
F+ FUS;
end if
end for
end while

return min F

D Benchmark Problems

Capacitated Vehicle Routing Problem (CVRP) is defined as follows. Let G =
(V,E) be a complete graph with vertex set V = {0} U C, where 0 denotes the
depot and C' the set of customers. Each customer ¢ € C' has demand §;, and
each arc (i — j) € E carries weight d;;, the Euclidean distance between 4 and j.
A solution is a collection of routes—each route is a cycle beginning and ending
at the depot, visiting its assigned customers exactly once, subject to the vehicle
capacity constraint. The objective is to minimize the sum of all route distances.

Vehicle Routing Problem with Time Window (VRPTW) is a common extension
of the CVRP. Each customer ¢ has a time window [e;, ¢;] that specifies the
earliest and latest allowable service times. A vehicle may begin service at i no
earlier than e; and no later than /;; otherwise, the delivery is infeasible.

E Training Dataset Generation

Node & Move Selection Dataset For each problem instance in training set, we
first compute a near-optimal solution s* using a state-of-the-art solver (e.g.,
HGS for VRP variants [32,35]). We then perturb s* to generate a set S of
solutions whose objective values lie within controlled gaps of 0.1 %, 1 %, 2 %, 3
%, 4 %, 5% and 10 % from s*. To ensure diversity in the perturbed nodes while
maintaining the target gap, we add a sufficiently large constant penalty on the
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decisions present in s* (denoted I(s*)) to the objective function, and repeatedly
apply random moves from the move set M until the perturbed solution meets
the desired gap threshold. Next, we restore the original objective function and
apply random moves to each perturbed solution s, keeping only those moves
that successfully improve the objective. We repeat this “perturb-and-improve”
process many times per instance to collect a large set of training PSGs.

To form training samples, we then randomly sample subgraphs from these
PSGs, selecting at most one move pair from each independent PSG. Let G* =
{G7,G5,...,G;} be the set of sampled subgraphs for one problem instance.
Within each G;, we label every candidate move as 0, except for the single move
that brings us closest to the original solution s* that move is labeled 1. Any
sample in which multiple moves tie for the best improvement is discarded, en-
suring exactly one positive move per subgraph. Fig. 6 illustrate an example on
how a training sample is generated using the training PSGs.

Perturbed Solution

Sampling

\ @
H1 i
Optimal Solution

Fig. 6: Node & Move Selection training sample. Left: Three PSGs converging from
distinct perturbed solutions. Right: A training sample with three sub-graphs sampled
from the PSGs on the left with labels.

Jump Agent Dataset For our jump model, using the same training instances, we
generate multiple trajectories per instance by running ALNS [13] from different
random starts until convergence to a local optimum. We record each trajectory
as a PSG (a sequence of solutions s and moves m). Then, we sample a subgraph
G as in the node-move dataset and pair each solution s; € G° with the known
global optimum as the prediction target.

F Reproducibility

This appendix documents the configuration used to produce all results in the
main paper. Framework-level settings shared across agents are listed in Table 4;
per-agent training hyperparameters appear in Table 5. Both the Selection Agents
and the Jump Agent use a step learning-rate scheduler with step size 100 and
v =0.998. All values are held fixed across VRPTW and CVRP.
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Table 4: Framework-level configuration shared across all agents.

Component Setting

PSG subgraph cap 64 nodes

Pruning rule FIFO; discard oldest node on overflow
History pool size Unbounded

Inference budget 1,000 iterations

VRPTW training set 10K synthetic instances, 100 customers
CVRP training set 10K instances from the NeuOpt benchmark

Hardware 6x NVIDIA P100-PCIE (16 GB)
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Table 5: Training hyperparameters for the Node/Move Selection Agents and the Jump

Agent.

Hyperparameter Selection Agents Jump Agent
Optimization

Initial learning rate 1074 107
LR scheduler (step size, ) (100, 0.998) (100, 0.998)
Batch size 48 16
Training iterations 50K 25K
CoreBlock — GGCN

Hidden dimension 128 128
CoreBlock — Transformer

Attention heads 16 16
Hidden dimension 256 256
Decoder

Attention heads — 4




